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Two schools of thought

Variational Autoencoder overview
•◦•◦•◦•◦•◦•◦•◦•◦•◦
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Two schools of thought

Two schools of thought
•◦•◦•◦•◦•◦•◦•◦•◦•◦

� Connectionist school:

� An auto-encoder that uses Variational Inference.

� Scalable method for data generation.

� Competes with Generative Adversarial Networks (GANs).

� Mathematical justification at the end.

� Probabilistic school:

� A Variational Inference that looks like an auto-encoder.

� Scalable method for density estimation.

� Competes with of Mean-Field Variational Bayes (MF-VB).

� Mathematical justification from the beginning.
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Maximum likelihood estimation Basic MLE

Maximum Likelihood Estimation (MLE)
•◦•◦•◦•◦•◦•◦•◦•◦•◦
� We observe X = fxngNn=1, i.i.d samples from some (unknown) distribution p̂,

xn � p̂(x)

� We want to find the distribution p� 2 Px that is closest to p̂.

� The Maximum Likelihood Estimator minimises the Kullback-Leibler divergence:

DKL(p̂(x)jp�(x)) = Ep̂(x)

�
log

p̂(x)

p�(x)

�
= �Ep̂(x)[log p�(x)] + const.

� �
NX
n=1

log p�(xn) + const.
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Maximum likelihood estimation MLE with Latent Variables

Maximum Likelihood Estimation with Latent Variables
•◦•◦•◦•◦•◦•◦•◦•◦•◦
� We can assume each observation depends on a latent (non-observed) variable z:

zn � p̂(z)

xn � p̂(xjzn)

� This increases expressiveness,

� But complicates Maximum Likelihood Estimation:

arg max
�

NX
n=1

log p�(xn) = arg max
�

NX
n=1

log

Z
p�(xn; zn)dzn
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Maximum likelihood estimation MLE with Latent Variables

The intractable integral and the Evidence Lower Bound
������������������

1 The integral is often intractable. We can re-express it as:

log p� (x ) = log
Z

p� (x ; z)dz = log
Z

p� (x ; z)
q� (z)

q� (z)dz = log Eq� ( z )

�
p� (x ; z)
q� (z)

�

whereq� (z) can beany density1.

2 Use Jensen (log Eq( z ) [f (z)] � Eq( z ) [log f (z)]) to �nd a tractable lower bound:

log p� (x ) � Eq� ( z )

�
log

p� (x ; z)
q� (z)

�
= L �;� (x ) (1)

Posterior and density estimation

log p� (x ) = L �;� (x ) () q� (z) = p� (zjx )

1For those familiar with Importance Sampling: it is the same expression.
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Maximum likelihood estimation MLE with Latent Variables

Maximizing the ELBO
Strategies for posteriors in close form, samples or approximations.
������������������

� Expectation-Maximization (EM) (Dempster et al. 1977):

(posterior: analytically available)

L � (X ) = Ep � ( Z j X ) [log p� (X ; Z) � log p� (Z jX )]

� Monte-Carlo EM (MC-EM) (Wei and Tanner 1990):

(posterior: analytically not available)

L � (X ) =
1
J

X

j

f log p� (X ; Z ( j ) ) � log p� (Z ( j ) jX )g; Z ( j ) � p� (Z jX )

� Mean-Field Variational Bayes EM (MFVB-EM)(Jordan et al. 1999):

(posterior: approximation analytically available)

L �;� (x ) = Eq� ( Z ) [log p� (X ; Z) � log q� (Z)]; q� (Z) =
Y

n

qf n g
�

(zn )

None of the above methods can be used for complicated models
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Variational Autoencoders You cannot always push gradients inside expectations

Maximizing the ELBO without assumptions
L �;� (x ) = Eq� ( z ) [log � p(x ; z) � log q� (z)]

������������������

� The posterior is too complex to make simplistic independence assumptions
(MFVB-EM)

A very generic strategy:

1 Push the gradient inside the expectation(careful: here be dragons)2.

2 And then we approximate the expectation by Monte-Carlo sampling.

2See Mohamed et al. 2019 for an excellent review on this problem.
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Variational Autoencoders You cannot always push gradients inside expectations

Pushing gradients inside expectations
L �;� (x ) = Eq� ( z ) [log � p(x ; z) � log q� (z)]

������������������
� The gradient w.r.t. � can be pushed-in:

r � Eq� ( z ) [f � (z)] = r �

Z
f � (z)q� (z)dz (2)

=
Z

fr � f � (z)gq� (z)dz (3)

= Eq� ( z ) [r � f � (z)] �
1
J

X

j

r � f � (z( j ) ) (4)

� The gradient w.r.t. the posterior parameters� cannot be pushed-in:3

r � Eq� ( z ) [f � (z)] = r �

Z
f � (z)q� (z)dz (5)

=
Z

f � (z)r � q� (z)dz (6)

6= Eq� ( z ) [r � f � (z)] �
1
J

X

j

r � f � (z( j ) ) (7)

3This problem did not appear in the era before Variational Inference, since we only had� .
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Variational Autoencoders The old and the new hack

The old hack
L �;� (x ) = Eq� ( z ) [log � p(x ; z) � log q� (z)]

������������������
� The score function:

r � log p� (x) =
r � p� (x)

p� (x)
=) r � p� (x) = p� (x)r � log p� (x) (8)

� The gradient w.r.t. the posterior parameters� cannot be pushed-in:

r � Eq� ( z ) [f � (z)] = r �

Z
f � (z)q� (z)dz

=
Z

f � (z)r � q� (z)dz

=
Z

f � (z)q� (z)r � log q� (z)dz

= Eq� ( z ) [f � (z)r � log q� (z)]

�
1
J

X

j

f � (z( j ) )r � log q� (z( j ) )

� Needs variance reduction (Paisley et al. 2012).
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Variational Autoencoders The old and the new hack

The new hack: Stochastic Gradient Variational Bayes estimator (SGVB)
������������������

� The Law Of the Unconscious Statistician (LOTUS):

Given a random variable� with a probability distribution p(� ) and a transformation
z = g(� ):4

Eq� ( z ) [f (z)] = Ep( � ) [f (g� (� ))] (9)

� The gradient w.r.t. the posterior parameters� cannot be pushed-in:

r � Eq� ( z ) [f � (z)] = r � Ep( � ) [f � (g� (� ))]

= Ep( � ) [r � f � (g� (� ))]

�
1
J

X

j

r � f � (g� (� ( j ) ))

4For those familiar with Normalizing Flows: g( � ) can be a compositiongk (gk � 1 ( :::g 1 ( � )))
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Variational Autoencoders The old and the new hack

Stochastic Gradient Variational Bayes estimator (SGVB)
Using LOTUS and amortized inference
������������������

� Stochastic Gradient Variational Bayes estimator:

(Kingma and Welling 2014)

� ( j ) � p(� )

z( j ) = g� (( � ( j ) ; x ( j ) ))

r � L �;� (x ) �
1
J

X

j

r � log p� (x ; z( j ) ) � r � log q� (z( j ) jx )

Samples are drawn from a distribution that is not a�ected by the gradient
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Variational Autoencoders Scaling with amortization

Amortized Variational Inference
Making it scalable by reducing the number of parameters5

������������������

� Classic Variational Inference:
� Posterior q(zn ; � n ) depends on local parameters.
� Variational parameters: O(N ).

� Amortized Variational Inference:
� Posterior q(zn ; f � (x n )) depends on shared parameters (neural net), .
� Variational parameters: O(1) .

Figure: Non-amortized (left) and amortized variational models (right). Red lines represent the
dependencies of the variational distribution of zn

5See Zhang et al. 2019 for more context.
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Variational Autoencoders The trinity of the Evidence Lower Bound

The trinity of the ELBO
������������������

� The classic:
(expected joint log-likelihood plus entropy)

Eq� ( z j x ) [log p� (x ; z)] � Eq� ( z j x ) [log q� (zjx )] (10)

� The variational:
(evidence minus quality of the posterior approximation)

p(x ) � DKL (q� (zjx )jp� (zjx )) (11)

� The auto-enconder:
(quality of reconstruction minus regularization term)

Eq� ( z j x ) [log p� (x jz)] � D KL (q� (zjx )jp(z)) (12)

The three are the same.
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